In this paper, we study ternary optimal formally self-dual codes. Bounds for the highest minimum weight are given for length up to 30 and examples of optimal formally self-dual codes are constructed. For some lengths, we have found formally self-dual codes which have a higher minimum weight than any self-dual code. It is also shown that any optimal formally self-dual [ 10, 5, 5] code is related to the ternary Golay code of length 12.
Introduction
Two codes are said to be equivalent if one can be obtained from the other by permuting and changing signs of coordinates.
We shall say that a code is formally self-dual if Wc(x, y) = &1(x, y). Formally self-dual codes come in pairs, i.e. C and CL, and if C = CL the code is self-dual.
Further, a formally self-dual code is optimal if the code has the highest minimum weight for that length.
In this paper, bounds for the highest minimum weight are given for length up to 30 and examples of optimal formally self-dual codes are constructed. For some lengths, we have found formally self-dual codes which have a higher minimum weight than any self-dual code. It is also shown that any optimal formally self-dual [ 10, 5, 5] code is related to the ternary Golay code of length 12.
Preliminaries
The following three results are well known. Fact 2.1. If C is a code such that C and CL are equivalent, then C is formally self-dual.
Fact 2.2, If C is a formally self-dual code which has all weights divisible by 3, then
C is self-dual.
Formally self-dual codes are divided into the following three classes:
(1) C is self-dual, (2) C and CL are equivalent, (3) C and CL are not equivalent.
The second class is often called isodual.
The following is useful for eliminating possible weight enumerators with the highest minimum weight in Section 6.
Fact 2.3. Each nontrivial coejlicient in the weight enumerator of a ternary code is even.

Proposition 3.1. Let C be a ternary code with generator matrix (LA) where Z is the identity matrix. If there are monomial matrices P and Q over [F3 such that AT = P. A. Q where AT denotes the transpose of A, then C is a formally self-dual code.
Proof. Since AT = P. A . Q, (Z, A) and (I,AT) generate equivalent codes. By Fact 2.1, C is formally self-dual. 0
By the above proposition, codes with generator matrix (LA), where A is a symmetric or skew-symmetric matrix, are a family of formally self-dual codes.
We now present generator matrices of double circulant codes. A pure double circulant code of length 2n has a generator matrix of the form
where R is an n by n circulant matrix. A code with generator matrix of the form ' where R' is an n -1 by n -1 circulant matrix, is called a bordered double circulant code of length 2n. These two families of codes are collectively called double circulant codes. Corollary 
A double circulant code is formally self-dual.
Double circulant codes are used to construct optimal formally self-dual codes. These codes are remarkable class of formally self-dual codes.
We now give a classification of optimal pure double circulant formally self-dual codes of length up to 14 (see Section 6 for the highest minimum weight). We shall show that any optimal formally self-dual [4, 2, 3] code is self-dual in Section 6.
There are three distinct pure double circulant [6, 3, 3] codes, with first rows listed in Table 1 . It is easy to show that Ps, 1 and P6,3 are equivalent. In addition, Ps, 1 and P6,2 have distinct weight enumerators W 6.2 and WG, I, respectively, as given in Section 6.
For lengths 8 to 14, we complete the classification of optimal pure double circulant codes by listing the first rows of all inequivalent codes in Table 2 where Ai denotes For larger lengths, we shall give optimal double circulant codes in Section 6.
Codes from weighing matrices and Hadamard matrices
Here we describe a construction of ternary formally self-dual codes using weighing matrices. A weighing matrix W(n,k) of order n and weight k is an n by n (O,l,-l)-matrix such that W(n, k) . W(n, k)T = M,,, k<n. A weighing matrix W(n,n) is also called a Hadamard matrix of order n. Two weighing matrices Wi and W2 of order n and weight k are equivalent if there exist monomial matrices P and Q of O's, l's and -l's such that Wi = P . W2 9 Q. Here we say that a weighing matrix W is self-dual if W is equivalent to WT. Proof. By Lemmas 3.5 and 3.6, C is a formally self-dual code which is equivalent to the code obtained by a direct sum of C( W4,3). 0 Now, let us investigate weighing matrices of weight 4. (8, 4) $ W (7, 4 ) @ C (6 + 2i,4) , where the matrices W (4, 4) , &8,4) , W (7, 4) and C (6 + 2i, 4) are given in [ 11.
For weight <3, there is a unique matrix for each order. For weight 4 there are inequivalent matrices for some orders [ 11.
Corollary 3.9. Let C be a code with generator matrix (I, W) where W is a weighing matrix of order n and weight 4. Then C is a formally self-dual code of length 2n.
Proof. All of the matrices W(4,4),B (8, 4) , W(7,4) and C(6 + 2i,4) are symmetric (see [l] ). By Fact 3.1, C is formally self-dual. •i
We study formally self-dual codes from weighing matrices of weight 4 for order up to 10. If w(n) is the number of inequivalent weighing matrices of order n and weight The weight enumerators yield the classification of formally self-dual codes constructed from weighing matrices of weight 4 and order up to 10. C( W(4,4)) is an optimal code of length 8 (cf. Section 6).
Codes from Hadamard matrices
We now consider formally self-dual codes constructed from Hadamard matrices. There is a unique The next order is 20, and there are exactly three inequivalent Hadamard matrices [6] . In this case, the codes are self-dual and it was shown in [7] that there are exactly three inequivalent self-dual codes constructed from the three Hadamard matrices.
Shadow codes
Shadow construction
Let C be a self-dual code over a finite field F and CO any subcode of codimension 1 in C. Let t and s be vectors such that C = (CO, t) and Ck = (C,s). These vectors can be chosen so that Remark. Unlike the binary case there is not a single shadow, but instead JFI -1 shadows of the code, i.e. the cosets of C in Co I. For a complete discussion see [3] .
In [4] , this technique is shown for formally self-dual binary codes.
Given this construction we shall say that D and E are formed by the shadow construction. If C is a ternary code and s is a vector not in C with [ Given a generator matrix MO of the code CO and with vectors s and t described above, a generator matrix for the code D is given by (for y = 0,l and 2, respectively): 
A ternary shadow
We now describe a non-linear code that resembles the shadow of a binary code. Proof. Either Co is all of C or it is codimension 1. Assume there are two selforthogonal codewords u, w such that u + w is not self-orthogonal. We know [u + w, u + w] = 2 (mod 3) since there are no weights that are congruent to 1 (mod 3).
From ?? Let C be as described in the previous lemma. Then since C c Ck we have C = (CO, t) and Ct = (C,S) for some vectors s and t. The weight enumerator of CO is easily determined from the weight enumerator of C, i.e.
where 5 is a complex third root of unity. Again it is easy to compute W,L using the MacWilliams relations, and finally to determine the weight enumerator of thi non-linear code Ck -C which we shall call the ternary shadow.
The weight enumerator of the ternary shadow is given by
) ( + wc x+2y t2cx -v)
J5'-7?-J";' 43 > .
Note that unlike the binary case the shadow is not defined for all self-dual ternary codes, but only for those with no codewords of weight congruent to 1 (mod 3). Let C be a self-dual ternary code such that the codewords of each weight contain a 2-design. The weight enumerator of the code C' formed by subtracting (i.e. taking all codewords beginning with 00,10,20 and deleting these coordinates) is easily computed. Notice that the code C' satisfies the conditions of the first lemma. Given a weight enumerator for a putative code which would hold a 2-design one could compute these weight enumerators and make sure that all coefficients are non-negative integers. This computation was done on all open cases of extremal ternary self-dual codes, i.e. those with minimum weight equal to 3 In/ 121 + 3, which hold 2-designs. However, none of these produce a shadow with an inadmissible weight enumerator.
A formally selfdual code related to the Golay code
In this section, we show that any optimal formally self-dual code of length 10 is related to the Golay [12, 6, 6] code. We also classify all optimal formally self-dual codes of length 10.
Classijication of optimal formally self-dual codes of length 10
If C is an optimal formally self-dual [ 10,5,5] code then we shall show in Section 6 that it must have weight enumerator 1 + 72y5 + 60y6 + 9Oy* + 20~~.
Let CO be the subcode generated by the self-orthogonal codewords. By Lemma 4.2, Co is codimension I in C and C C Ck. As before we have C = (Co, t) and C: = (C, s) for some vectors t and s. Of course Now, we consider the converse assertions of the above lemma. In [2] , the subtracting method was defined in order to construct a self-dual code of length n -II' from two self-dual codes of lengths n and n'. Here this method is used to construct formally self-dual codes. An [n -2, n/2 -1] code D formed by subtracting a [2,1] code C2 with generator matrix (01) from a self-dual [n, n/2] code C, consists all vectors u E Fyp2 such that (U V) E C for some u E C2. Proof. First C's is the same as the code formed from the codewords in G'2 with (00), (10) or (20) as the first two coordinates by deleting these coordinates. Thus C's is a linear [ 10, 5] code. By the Assmus-Mattson theorem, the supports of codewords of weight 6 (resp. 9) in G'2 form a 2-(12,6,30) design (resp. 2-(12,9,120) design). Therefore Cl0 has weight enumerator 1 + 72y5 + 60y6 + 90y8 + 20y9, and so C's is formally self-dual.
The second assertion follows from the fact that Aut(G,Z)/{kI} is the Mathieu group M'2 where Aut(GI2) is the automorphism group of G'2. Cl By Lemmas 5.1 and 5.2, we have the classification of all optimal formally self-dual codes of length 10. 
Other lengths
We now apply this idea to codes of lengths 22 and 24. There are exactly two inequivalent extremal self-dual [24,12,9] codes, namely the Pless symmetry code P24 and the extended quadratic residue code Qz4 [8] . By the Assmus-Mattson theorem, the supports of the codewords of weights 9,12,15 and 18 in Q24 and q4 forms a 5-design. It is known that the support of the codewords of weight 21 in Q24 also forms a 2- 
Optimal formally self-dual codes
The highest possible minimum weight can be obtained by Fact 2.3 and Theorem 2.4. Upper bounds for minimum weights of ternary linear codes were used for some lengths. By constructing formally self-dual codes with the desired minimum weight, we determined the (exact) highest minimum weight &(n) for length up to 30, where &(n) is listed in Table 3 . In this table the third column gives the number N(n) of known inequivalent optimal formally self-dual codes together with optimal codes. The fourth (resp. fifth) column gives the highest minimum weight do (resp. ds(n)) among all linear [n,n/2] codes (resp. self-dual codes of length n). We also give possible weight enumerators W, with minimum weight &(n) for length n and some optimal formally self-dual codes for n < 30. Note that weight enumerators for large lengths.
we list only the Iirst few terms in the possible
Possible weight enumerators
?? n = 2: Wz = 1 + 2y2. Any code is formally self-dual, the code with generator matrix (12) is a unique formally self-dual code with this weight enumerator. By the Assmus-Mattson theorem, codewords of a fixed weight hold a l-design.
?? n = 4: W, = 1 + 8y3. By Fact 2.2, any formally self-dual code with W4 must be self-dual. The code E4 given in [lo] has this weight enumerator. Tables 4 and 5 are optimal formally self-dual codes. Note that PIN, 11 is equivalent to code 2fs given in [2] , which is the unique self-dual Tables 4 and 5 are optimal formally self-dual codes of length 18. They have distinct weight distributions (given in Table 6 ) and therefore are inequivalent. C22 constructed from the extended quadratic residue code by subtracting is an optimal formally self-dual code. P22 has the same parameters. ?? n = 26,28,30: For these lengths, it is not known if there is a formally self-dual code with the highest possible minimum weight. If such a code exists then the code has higher minimum weight than any known linear code of that length and dimension.
PIN, 1, listed in
We list below the possible weight enumerators for these lengths. 
Problem.
Determine the exact highest minimum weights for lengths 26,28 and 30.
Optimal double circulant codes
All optimal pure double circulant formally self-dual codes were classified in Proposition 3.3 for length up to 14. By exhaustive search, we have found all optimal formally self-dual double circulant codes of lengths 16 to 24. We here list only codes with different weight enumerators. In Table 4 (resp. 5) we list the first rows for optimal pure (resp. bordered) double circulant codes of lengths 16 to 22. Note that there are no pure double circulant formally self-dual [24,12,9] codes which are not self-dual.
All optimal bordered codes of length 22 have the same weight enumerator as one of the pure double circulant codes, and so these codes are omitted. The weight enumerators for these codes are listed in Table 6 .
We 
